The importance of surface tension effects is being recognized in the context of soft composite solids, where it is found to significantly affect the mechanical properties, such as the elastic response to an external stress. It has recently been discovered that Eshelby's inclusion theory breaks down when the inclusion size approaches the elastocapillary length L ≡ γ/E, where γ is the inclusion/host surface tension and E is the host Young's modulus. Extending our recent results for liquid inclusions, here we model the elastic behavior of a non-dilute distribution of isotropic elastic spherical inclusions in a soft isotropic elastic matrix, subject to a prescribed infinitesimal far-field loading. Within our framework, the composite stiffness is uniquely determined by the elastocapillary length L, the spherical inclusion radius R, and the stiffness contrast parameter C, which is the ratio of the inclusion to the matrix stiffness. We compare the results with those from the case of liquid inclusions, and we derive an analytical expression for elastic cloaking of the composite by the inclusions. Remarkably, we find that the composite stiffness is influenced significantly by surface tension even for inclusions two orders of magnitude more stiff than the host matrix. Finally, we show how to simultaneously determine the surface tension and the inclusion stiffness using two independent constraints provided by global and local measurements.
I. INTRODUCTION
Although the effects of surface tension are commonly studied for fluid/fluid interfaces, recently their importance has been demonstrated in composite soft solids [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . In general, we associate a surface energy γ with any material surface, due to the work required to form it, and a surface stress Υ, which opposes the stretching of the surface [14] and corresponds to the reversible work per unit area required to create new interfacial area by stretching. In general Υ is a symmetric, second order, two-dimensional tensor, which here we treat as a nearly isotropic, strain-independent scalar. Therefore, in this case, Υ coincides with the surface energy γ. Hence, both can be referred to as surface tension, and tractions at the two sides of the surface fulfil the generalized YoungLaplace equation (σ (2) tot − σ (1) tot ) · n = γK n [11, 15] . Because this boundary condition shows good agreement with the experimental behavior of hydrogels and silicone gels [2, 4, [7] [8] [9] [10] [11] 16] , we regard surface tension as a valid approximation for the interfacial stress of soft materials. The differences between surface stress and surface energy are discussed in detail in Refs. [1, [17] [18] [19] .
Depending on the length scales involved, surface tension can have a significant impact on the mechanical properties of both fluids and compliant solids. In liquid systems the principle of minimizing the total interfacial free energy subject to a constraint underlies a large range of capillary phenomena, such as the spherical shape of small droplets and the angle of contact between liquid, vapor and solid phases, as described by the YoungDupré equation [14] . Such basic phenomena inspires microfluidic applications, such as precisely-controlling the actuation of droplets in contact with purposely designed surfaces [20] [21] [22] [23] . Moreover, as noted above, the role played by surface tension in the mechanical behavior of soft composites is an area of rapidly growing interest [2] [3] [4] [5] [6] [7] 24] . Indeed, the influence of surface tension underlies the formation of ripples and creases on soft solids [8] , and the smoothing of their free surfaces [9, [25] [26] [27] [28] . Furthermore, accounting for surface tension leads to a revision [10] of the classical JKR theory of elastic contact [29] . Importantly for our treatment here, accounting for surface tension in composite soft solids with fluid inclusions can lead to either stiffening or softening of the composite, in both the dilute [11, 15] and non-dilute [12, 13] cases, in agreement with experiments.
We understand the stiffening of such composites as follows. If we ignore surface tension effects, fluid-filled spherical inclusions in an elastic matrix will soften the composite, because the fluid inside the inclusions does not oppose any (static) shape changes. Conversely, for either large surface tension or small inclusions a significant energy penalty occurs for deformations of the unperturbed spherical inclusion shape. For sufficiently small liquid inclusions in soft materials, the energy balance is dominated by interfacial contributions. Therefore, the tendency for inclusions to maintain sphericity increases relative to the case in which the same volume consisted of the matrix material itself (with no surface tension), thereby resulting in the composite being stiffer than the host elastic matrix alone.
Here we generalize our treatment of soft composites with liquid inclusions [12, 13] to the case wherein the inclusions are elastic solids. In particular, we consider incompressible, homogeneous, isotropic linearelastic spherical inclusions embedded in a homogenous, isotropic linear-elastic host matrix. We treat the deformation of inclusions and their mechanical interaction with the surrounding host matrix, including the inclu-sion/host surface tension. As we did with liquid inclusions [12, 13] , here we account for a finite volume fraction φ of inclusions through a three-phase generalized self-consistent (GSC) model [30] , thereby allowing us to recover the dilute limit. The effect of the inclusion/host surface tension is captured using a generalized Young-Laplace stress boundary condition, and the effective shear modulus of the composite is determined by imposing an energetic self-consistency condition. For brevity of exposition, we focus most of the discussion on the case of an incompressible matrix, and we examine the volume fraction-dependence of the effective elastic modulus as a function of the elastocapillary γ = L/R and the stiffness contrast C parameters. We find that combining a local measurement, such as the effective inclusion strain, and a global measurement, such as the composite stiffness, is sufficient to simultaneously determine the surface tension and the inclusion stiffness. Finally, we discuss the case of an auxetic matrix in the context of the cloaking condition.
II. THE MODEL
Consider a composite material with many identical, incompressible, homogeneous and isotropic linearelastic spherical inclusions randomly embedded in a homogeneous and isotropic linear-elastic solid. The shear modulus and Poisson's ratio are µ 1 , ν 1 for the inclusions, and µ 2 , ν 2 for the matrix material, as shown in Fig. 1 . As
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Surface tension g FIG. 1 : Schematic of the model system under consideration. Each of the three components consists of a homogeneous isotropic linear-elastic material. Identical solid inclusions having elastic constants µ 1 , ν 1 are embedded in a solid elastic matrix (µ 2 , ν 2 ). The surrounding composite (µ 3 , ν 3 ) is treated as an elastic medium with properties that are determined in a self-consistent manner. External body forces are ignored.
we did in the case of liquid inclusions [12, 13] , we extend the framework of the three-phase generalized selfconsistent (GSC) theory of Kerner (see Ref. [31] , and footnote 10 of Ref. [12] ) to examine how surface tension at inclusion/matrix interfaces affects the composite's elastic moduli for arbitrary inclusion volume fraction φ.
The GSC approach treats the composite matrix as a single composite sphere surrounded by an infinite medium of unknown effective elastic moduli µ 3 , ν 3 . The composite sphere consists of an elastic solid inclusion of radius R, surrounded by a concentric spherical shell of matrix material of radius R/φ 1/3 , thereby preserving the volume fraction φ of the original multi-inclusion system. As described below, the elastic moduli µ 3 , ν 3 of the region outside the composite sphere are determined by imposing an energetic self-consistency condition [30] . Now we provide expressions for the displacement fields u
and the linear-in-strain contributions σ
to the stress fields, corresponding to a prescribed, purely deviatoric, far-field strain configuration, where the superscript "(i)" refers to the inclusion (i = 1), the matrix (i = 2) or the composite effective medium (i = 3) phase. The origin of a spherical polar coordinate system, (r, θ, ϕ), is placed at the center of the composite sphere. The following far-field (r → ∞) displacements are imposed;
where P 2 is the Legendre polynomial of order 2. The corresponding deviatoric far-field strain configuration is expressed as
Based on the azimuthal (z-axis) symmetry of the strained system, the displacement fields u
and the linear-instrain contributions σ
to the stress fields take the form [e.g., 15, 39, 40] ;
and
where ρ ≡ r/R is the radial coordinate scaled by the inclusion radius, and the 18 coefficients A i through G i are determined from the boundary and regularity conditions that we discuss next.
In the inclusion region, the linear-in-strain stress tensor σ (1) is supplemented by a strain-independent, hydrostatic stress tensor σ * (1) , referenced to the surface tension at the inclusion interface and present in the stress-free configuration viz.,
Combining the stress-displacement relationship with Eq. (1) yields the far-field stresses as
We stress that within the matrix (i = 2) and the effective medium (i = 3) regions, the overall stress is linear-instrain, and hence the components are simply expressed by Eqs. (5) and (6) . The additional information provided by Eqs. (7) and (8) closes the problem, providing the complete set of conditions on the 18 coefficients A i -G i associated with the total stress field as described presently.
Six of the 18 coefficients in Eqs. (3) (4) (5) (6) are determined by the far-field stress/strain and regularity at the origin, viz.,
. In addition, twelve independent conditions can be written for the remaining twelve unknowns
Six of these conditions arise from continuity of displacement and stress at the composite sphere surface (ρ = α ≡ 1/φ 1/3 ), (ii) three from continuity of displacement at the inclusion boundary, and (iii) three from the stress boundary conditions associated with the generalized Young-Laplace condition. In detail, at the composite sphere surface ρ = α the continuity of displacement for u θ (u r ) provides one (two) condition(s), and that for stress σ rθ (σ rr ) provides one (two) condition(s), for a total of six conditions arising from the four continuity equations which are
Similarly, continuity of displacement for u θ (u r ) provides one (two) condition(s) at the inclusion boundary, for a total of three independent conditions expressed via the two (polar and radial) constraints as
The final three constraints arise from the stress boundary conditions at the inclusion surface, treated using the generalized Young-Laplace equation;
where σ (2) denotes the stress tensor in the matrix region, σ (1) and σ * (1) denote the linear-in-strain and the hydrostatic components of the stress tensor in the inclusion region respectively. Here, n is the outward normal to the inclusion surface, K is its total curvature, and the surface tension is γ, as discussed in the introduction. To leading order, both n and K can be expressed in terms of the displacement field u [see Eqs. (24) and (28) of Ref. 15] , and as a result equation (11) can be rewritten as
. Therefore, at first order in u we have
where []
denotes the jump in the stresses σ rr and σ rθ across the matrix/inclusion (2/1) interface.
Thus, the twelve unknowns A 1 ,B 1 ,F 1 ,A 2 ,B 2 ,C 2 ,D 2 ,F 2 ,G 2 ,C 3 ,D 3 ,G 3 are determined by the twelve equations (9)- (12) in terms of the unknown parameters µ 3 , ν 3 . Finally, the effective shear modulus µ 3 is determined by imposing the following energetic self-consistency condition [30] : the total mechanical work W associated with the presence of the composite sphere inside the infinite effective medium vanishes;
We use Eshelby's formula to evaluate the total strain energy [Eq. 5.1 of 32], [see also §4.1 of 32] to find [15] 
where S int refers to the inclusion/matrix interface, S ext(+)
refers to the exterior of the composite sphere/external effective medium interface, and ∆S denotes the change of the interfacial area associated with the deformation. The last two summands of Eq. (14) cancel exactly whenever the deformation of the inclusion is volume-preserving [12] , which is the case for purely deviatoric far-field strain conditions (2). For incompressible inclusions, the self-consistency condition of Eq. (13) reduces to a quadratic equation for the relative effective shear modulus µ rel ≡ µ 3 /µ 2 . We have found that [12] 
and hence Eqs. (13) and (15) imply that C 3 = 0 which, combined with the solution of the system of equations (9)- (12), yields the following quadratic condition on µ rel :
and C ≡ µ 1 /µ 2 , as shown in Appendix A for the incompressible matrix case (ν 2 = 1/2). Hence, for incompressible inclusions, µ rel is a function of the 4 parameters φ, ν 2 , C and γ/(Rµ 2 ). If we define the elastocapillary length as L ≡ γ/E 2 , based on the matrix phase of the composite sphere, then γ ≡ L/R = γ/(E 2 R) is a key dimensionless parameter. In the limit of small/large inclusions (large/small γ ), Eq. (16) simplifies
gives the upper limit of rigidity among all γ -curves. In the limit φ → 0, for an incompressible matrix and very large γ , the shear and Young's relative moduli are ∼ 1+φ(2+5C)/[2(1+C)] (see the γ = ∞ curves in Fig. 2) . Finally, this dilutecase relationship displays an expected monotonic dependence on the stiffness contrast parameter C, and is consistent with the behavior found for both liquid inclusions (C = 0) [12] , and rigid inclusions (C → ∞) [33] .
III. COMPOSITE PROPERTIES OF INCOMPRESSIBLE
HOSTS (ν 2 = 1/2)
A. Effective Medium Properties and Cloaking
We consider the case of an incompressible host matrix, in which E rel ≡
≡ µ rel and ν 2 = 1/2. Now, by making use of Eqs. (B1) and (B2), we treat the deformation of the inclusion phase and evaluate the effective inclusion strain ε inc ≡ (l − 2R)/R = 2u r (1, 0)/R, where l denotes the major axis of the inclusion [41] . In terms of α = φ −1/3 , γ , and the solution of Eq. (16), µ rel = µ 3 /µ 2 , the radial and polar displacements of the inclusion surface are
respectively, where the coefficients f 1 -f 5 are in Appendix B. When R L and thus γ 1 then, whatever the stiffness of the inclusions, the radial displacement is very small and the inclusions remain nearly spherical. In the opposite limit wherein R L and thus γ 1, the inclusion shape is again scale-invariant, in agreement with the theory for the case of purely bulk elasticity, and the corresponding effective inclusion strain is
In the dilute limit (φ → 0) of the incompressible case, the inclusion's effective strain and shape reduce to
, and
, in agreement with analogous results for liquid inclusions [12, 15] . Importantly, in the dilute limit at the exact cloaking point defined by
the inclusions will stretch less than the host material viz.,
, exceeds that of the inclusions whenever the cloaking condition occurs; the inclusions are softer than the matrix. However, for any C < 1 within the softening regime, the inclusions will stretch the same amount as the host material
1 the predictions of Eshelby's theory [33] , and effective inclusion strain in the liquid case [15] , (10/3)ε ∞ zz , are recovered, whereas when γ 1, for arbitrary values of φ, we find a nearly unperturbed spherical inclusion shape. Fig. 2 shows the behavior of E rel as a function of φ, for different values of C ≡ µ 1 /µ 2 . Firstly, we see softening behavior for γ < γ cl (C) (see Eq. (20)), and stiffening behavior for γ > γ cl (C). Secondly, in the C → 0 limit of the present theory, the dilute [11, 15] and non-dilute [12, 13] theories for liquid inclusions in soft solids are recovered quantitatively. Thirdly, we determine an exact condition for "mechanical cloaking" of the inclusions. In particular, when the inclusions are softer than the surrounding host solid (C < 1) the cloaking condition shows that E rel ≡ 1 at γ cl (C) for all φ. Moreover, because the cloaking radius
cl (γ/E 2 ) is φ-independent, this cloaking condition is a surprising generalization of that for liquid inclusions; C = 0 [12, 13, 15] . Fourthly, as may be intuitive, surface tension effects are not able to cloak the far-field signatures of inclusions that are stiffer than the matrix (C ≥ 1). Finally, Fig. 2 some qualitative sense of how the E rel predictions deviate from the dilute theory obtained by linearizing in φ about φ = 0. Importantly, the dilute approximation defined in this manner differs from the dilute theory for liquid inclusions [11] [12] [13] 15] , which do not correspond to a linearization of E rel , although these dilute models coincide in the small-φ limit. The percentage deviation ∆E rel (%) is shown in Fig. 3 , but we note that this should not be compared with Fig. 4 of [12] , where an appropriate, but different, dilute theory was used for comparison. Fig. 3 demonstrates that ∆E rel (%) is a positive quantity, and that for modest values of C (such as C = 0, 0.3, 1) the dilute approximation consistently breaks down beyond volume fractions of φ ≈ 0.15. In stark contrast, for larger values of C (such as C = 3, 10, 100), an accuracy of a few percent is only feasible in the dilute approximation up to volume fractions of φ ≈ 0.1. The value of the calculations shown in Figs. 2 and 3 is the potential they provide for comparison with experiment and simulations; the dilute limit of the non-dilute theory for small to moderate values of the stiffness contrast C offers a particularly robust regime.
The φ-independence exhibited by the cloaking condition (20) has the following simple interpretation, valid for either liquid [12] or solid elastic inclusions. When shear modulus cloaking occurs, the materials in regions i = 2 (matrix) and i = 3 (composite effective medium) have identical shear modulus. Therefore, the continuity conditions on stress tensor and displacement vector at their common boundary S ext imply continuity of the shear strain as well. Hence, regions i = 2 and i = 3 behave as a single material with uniform shear properties, and thus the radial coordinate R/φ 1/3 of their common boundary S ext (through which the volume fraction is expressed in the model) cannot affect the shear modulus of the composite. For this reason, the cloaking condition is independent of φ. Therefore, such an invariance of the cloaking condition is geometrically intrinsic to the 
FIG. 3:
For the case of an incompressible matrix, the percentage deviation ∆E rel (%) from the linear-in-φ (dilute) approximation is plotted versus φ across the entire range of γ , from the bulk elasticity-dominated regime, for which γ = 0, to the surface tension-dominated regime, for which γ = ∞. In the top row C = 0 (liquid inclusions), 0.3, 1 and in the bottom row C = 3, 10, 100. Note that the vertical axes have different scales on each panel to visualize the relevant range of behavior. The percentage deviation ∆E rel (%) is a monotonically increasing function of γ for inclusions as stiff as, or stiffer than, their host. However, when C < 1, ∆E rel (%) decreases monotonically as γ increases from 0 to γ cl (C), vanishes at γ = γ cl (C), and increases monotonically above γ cl (C).
3-phase GSC approach, and provides an intriguing experimental target for actual composites with spatiallyrandom distributions of many inclusions. One might expect violations of the φ-invariance of γ cl (or the cloaking radius R cl ), although for randomly distributed inclusions further study is needed to describe even simple qualitative details of the φ-dependence.
B. Macroscopic Equivalence and Surface Tension
Next we show the (macroscopic) equivalence between an inclusion embedded in an elastic solid with an isotropic interfacial tension γ, and an "equivalent" elastic inclusion with no interfacial tension. Note that such a macroscopic mechanical equivalence differs from local micromechanical equivalence (see also §III D). Thus, here we will calculate the equivalent shear modulus µ * of the actual inclusion. We therefore compare Eshelby's results for the elastic moduli of a dilute composite with spherical elastic inclusions [42] ;
to our expression (16) for the shear modulus of a composite containing incompressible inclusions in the dilute limit, which leads to
Therefore, in Eqs. (21b) and (22) we equate different expressions for µ dil and thereby define a relative equivalent
, and thus obtain
Importantly we note that, although a small but finite value of the volume fraction φ 1 was assumed in the derivation, C * in Eq. (23) is independent of φ. Additionally, having just evaluated µ * , we note that, by appealing to the equivalent inclusion concept, a Mori-Tanaka approach to the elastic characterization of our two-phase system can also be implemented. The equivalent moduli of an inclusion are easily evaluated analytically in the general isotropic case [43] , and in the dilute regime we can identify a single inclusion possessing surface tension with a single surface tension-free equivalent inclusion. Inside the latter inclusion, due to Eshelby's theorem [33] , the stress tensor would be uniform, and therefore the Mori-Tanaka estimate of the composite moduli in the non-dilute regime could be computed in direct analogy with what was done for liquid inclusions in Ref. [13] .
C. Inequalities for Equivalent Stiffness and Relative Modulus
Returning to the dilute approximation, our approach recovers the expression for E * of Style et al., [11, Eq. (9) ] for liquid inclusions (C = 0), which is
In the small (γ → ∞) and large (γ → 0) inclusion limits, the equivalent stiffness asymptotes to the following two expressions;
both in agreement with the predictions of Style et al. [11] for the special case of liquid (C = 0) inclusions. We emphasize that the surface tension and bulk elasticity contributions to the equivalent shear modulus µ * of a single inclusion fulfill a kind of "superadditivity". Namely, Eq.(23) and its liquid case limit (C = 0), Eq. (24), imply that
for arbitrary values of γ = L/R and C = µ 1 /µ 2 . Therefore, in the fully-incompressible case ν 1 = ν 2 = 1/2, the interplay between surface tension and the bulk elasticity of a single elastic inclusion is such that the sum of their two separate contributions to the inclusion's equivalent stiffness underestimates the latter. In the small γ limit we can rewrite Eq. (26) in terms of the Young's moduli as
where is a small parameter characterizing the a surfactant dependent reduction in the "bare" liquid droplet/matrix interfacial tension γ 0 , which we envision controlling. This is a mean field description of the equivalent modulus of the inclusion (E * ) in terms of the bulk value (E 1 ) of the elastic inclusion plus the "Laplacepressure" associated with the liquid droplet. Firstly, in the limit of vanishing surface tension ( → 1 − ) the inequality is violated and "bulk-coexistence" prevails; E * = E 1 . One can think of this in the same sense as the coexistence of two bulk thermodynamic phases reached when a droplet of one phase either becomes arbitrarily large or has no surface tension to maintain the geometrical configuration. The analogy is strictly heuristic. As → 0 + the equivalent elastic inclusion of the liquid droplet is always less stiff than its actual elastic counterpart; the pressure in a droplet is less than the normal stress in an equivalent elastic inclusion via the generallized Young-Laplace equation. Hence the inequality.
Finally, we define a residual equivalent stiffness C * RES
, and from Eq. (26) it must hold that:
The magnitude of the inequality (26) increases with decreasing inclusion size, and thus the residual equivalent stiffness peaks at a maximum; max{C * RES } = 19C/6 for γ → ∞ and vanishes as ∼ [1/R 2 ] for γ → 0, as suggested by Eqs. (25) . Although surface and bulk effects have been shown to "decouple" in the limit of large radius R, they maintain a non-trivial coupling in the ideal limit of rigid spheres, C → ∞, leading to
Conversely, the surface tension and bulk elasticity contributions to the relative stiffness deviation of the composite in the dilute regime, ∆E rel ≡ (E 3 − E 2 )/E 2 , fulfill a kind of "subadditivity", viz.,
for any value of γ = L/R and C = µ 1 /µ 2 . In Eq. (30), all terms refer to predictions in the dilute regime and thus
and ∆E rel | bulk is derived from Eqs.(21a) and (21b) and is
Now, defining a residual relative modulus deviation ∆E RES rel
A physical interpretation of the inequality expressed in Eqs. (30) and (33) rests on the relative influence of interfacial versus elastic forces. Whence, the inequality can be said to reside in the fact that the contribution of surface tension to the stiffening of the composite is less than it would be -all else being equal -in the liquid inclusion case. This is in agreement with the general understanding that the impact of surface tension on the macroscopic properties of a composite is smaller for overall stiffer composites; a composite with elastic inclusions instead of liquid inclusions -all else being equal -is definitely a stiffer composite. In the large inclusionlimit γ → 0, the residual deviation ∆E (26) and (30) have complementary but opposite character, and refer to inclusion equivalent stiffness and composite effective stiffness respectively. Together they demonstrate that interfacial tension and bulk inclusion elasticity both contribute to the composite elastic properties through complex mutual interactions.
D. Measuring surface tension and inclusion stiffness
Here we discuss a general experimental setting for the simultaneous determination of interfacial tension and bulk elasticity, based on measurements of global and local mechanical effects. For example, combined measurements of a local property, such as the effective inclusion strain ε inc , and a bulk global property, such as the composite stiffness E 3 , are sufficient to infer both the surface tension parameter γ and the inclusion/matrix stiffness contrast C. Thus, in the dilute regime Eqs. (19) and (22) express the dependence of two measurable dimensionless quantities, the relative inclusion strain ε rel inc
) and the relative reinforcement slope S ≡ [E 3 (φ) − E 3 (φ = 0)]/(E 2 φ), on γ and C. These relationships can be combined to express C and γ as functions of the experimental parameters S and ε 
E. Comments on the auxetic case
For an incompressible matrix, spherical liquid inclusions with radii less than the cloaking radius, R < R cl = (3/2)L, stiffen the matrix [11, 15] . However, for a compressible matrix having Poisson's ratio 0 < ν 2 < 1/2, the cloaking radius R cl = 9L (at ν 2 = 0) is larger, see Eq. (19) of [15] . Similarly, for auxetic matrix materials (ν 2 < 0), the cloaking radius increases further, diverging as ν 2 → −1/13. Accordingly, auxetic matrices in the physical range −1 < ν 2 < −1/13 are stiffened by liquid inclusions of any size, independent of the elastocapillary length scale.
We note that in the regime where ν 2 approaches −1/13, even at length scales much larger than L, interfacial effects dominate over bulk elasticity in terms of deviations of moduli, although such deviations appear small when compared with matrix moduli. Indeed, at ν 2 = −1/13, Eshelby's theory would predict cloaking, however the stiffening of the matrix can be entirely ascribed to surface tension (for any value of R), which is not included in Eshelby's theory. This argument can be repeated for solid inclusions, with the effect of raising in the threshold value of ν 2 to be greater than −1/13.
IV. CONCLUSIONS
A complete mechanical characterization of inclusionmatrix composites is of great interest to the soft condensed matter and life science communities. Previously we examined the effects of surface tension in the bulk behavior of soft composite solids hosting liquid inclusions [11] [12] [13] 15] , to find that for inclusions smaller (larger) than the elastocapillarity length the matrix stiffened (softened), thereby finding novel behavior relative to the classical theory of Eshelby, which predicts only softening. Here we have extended and generalized a three-phase generalized self-consistent approach [12] to consider isotropic, linear-elastic spherical inclusions, whose surface tension with the host solid is accounted for. In the case of an incompressible matrix, we calculate the composite shear modulus (stiffness) as a function of the dimensionless parameters φ (inclusion concentration), C = µ 1 /µ 2 (stiffness contrast between the inclusions and the matrix) and γ = γ/(RE 2 ) (an elastocapillary number), as well as the effective strain and the deformed shape of the inclusions themselves. We verified that our approach yields the known results in the limiting cases in which the inclusions are liquid (C = 0) and rigid (C = ∞).
The span of the parameters C and γ in Fig. 2 were chosen to display the range of regimes that can occur in biological or industrially manufactured soft composites. Remarkably, even for inclusions one hundred times stiffer than their host matrix, the effect of surface tension on the effective Young's modulus is substantial; particularly so at high concentrations φ. This is compatible with realistic values of the parameters found in soft composites. An estimate of the surface tension of a wide range of soft solids is of the order of γ ∼ 50mN/ m (e.g., see Refs. [14] and [34] ); considering matrix materials having Young's moduli in the range of E 2 ∼ 10kPa (compatible with several kinds of human and animal tissues [35, 36] ) with nanoinclusions of radius R = 50 nm and a hundred times stiffer than their host, the regime described by the γ = 100 curve in the bottom right panel (C =100) of Fig. 2 is appropriate. Thus, according to our model, in this case surface tension is responsible for a significant fraction of the composite stiffness, even for such a large stiffness contrast. Indeed, at inclusion volume fractions of φ = 0.45 and φ = 0.50, the respective normalized Young's moduli E rel of the composites are ∼ 9% and ∼ 15% higher than the interface-free counterpart. Surface tension's influence on the Young's modulus increases when inclusion radius, stiffness contrast, matrix stiffness, or volume fraction (1 − φ) of the matrix component decrease. As is the case for liquid inclusions, we find a mechanical cloaking radius, which by definition leads to an effective response of the composite that is independent of φ, and hence surface tension effectively cloaks the far-field influence of inclusions. In contrast to the liquid case, rather than the cloaking value of γ being a constant, γ cl = 2/3, here it is a function of the stiffness contrast C, as shown in the dilute limit by Eq. (20) . Moreover, when this functional condition is met, the inclusions will stretch less than the host material. We compared and contrasted these cases briefly in the case of auxetic matrix materials.
We introduced the two notions of relative equivalent stiffness of the inclusions and relative stiffness deviation of the composite, and demonstrated that they possess properties that we call "superadditivity" and "subadditivity", respectively. These two inequalities demonstrate a non-trivial interaction between the interfacial tension and bulk elasticity of the inclusions, which determine the composite effective stiffness. This suggests the possible experimental or numerical determination of the surface tension and the stiffness contrast parameters through simultaneous measurement of the relative inclusion strain ε rel inc and the relative reinforcement slope S. Clearly, such measurements have a broad range of applications. This study on the shear modulus of twophase soft composites, suggests a number of natural extensions, such as finite deformations, recently addressed for liquid spherical inclusions using finite-element modeling [37] , as well as the behavior of composites with spheroidal-or arbitrarily-shaped inclusions.
The so-called deformation amplification approach, originally proposed for rigid inclusions [38] , was recently extended to the case of liquid spherical inclusions by Wang and Hennan [37] using numerical simulations. They collapsed on a single curve the nominal strain response of liquid inclusion-matrix composites versus the nominal applied stress (normalized by the infinitesimal shear modulus of the composite), for different values of φ and γ [37] . This suggests an intriguing possibility of characterizing the large deformation behavior of composites with elastic inclusions. Indeed, this collapse of a family of constitutive relations to a single curve would imply that the homogenized composite material exhibits a hyperelastic behavior, identical in functional form to that of the matrix material itself.
Finally, returning to the framework of infinitesimal deformations, we speculate that randomly oriented inclusions of complex shapes (e.g., spheroidal, rodlike, or arbitrarily-shaped) would have a larger stiffening/softening effect than if they were spherical inclusions of identical volume, surface tension, volume fraction and stiffness. Considering that such is the case for composites in which interfacial effects are negligible, we envisage it to be approximately fulfilled even far from the bulk elasticity-dominated regime. It is hoped that our calculations may provide a baseline for future experimental and numerical studies. We determine the shape of each incompressible inclusion embedded in an incompressible matrix under uniaxial stress. Here, Eqs. (3) and (4) reduce to u r (1, θ) R = (6A 2 + 2B 2 + 6C 2 − 3D 2 ) P 2 (cos θ) , (B1) and
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respectively. Finally, we note that the coefficients { f i } in Eqs. (17) and (18) are as follows:
